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Abstrat
The intrinsi Zeeman energy is preisely one half of the ylotron energy for eletrons in graphene. As
a result a Landau-level mixing ours to reate the energy spetrum omprised of the 4j-fold degenerated
zero-energy level and 4-fold degenerated nonzero-energy levels in the j-layer graphene, where j = 1, 2, 3 for
monolayer, bilayer and trilayer, respetively. The degeneray manifests itself in the quantum Hall (QH)
eet. We study how the degeneray is removed by the Coulomb interations. With respet to the zero-
energy level, an exitoni gap opens by making a BCS-type ondensation of eletron-hole pairs at the lling
fator ν = 0. It gives birth to the Ising QH ferromagnet at ν = ±1 for monolayer, ν = ±1,±3 for bilayer, and
ν = ±1,±3,±5 for trilayer graphene from the zero-energy degeneray. With respet to the nonzero-energy
level, a remarkable onsequene is derived that the eetive Coulomb potential depends on spins, sine
a single energy level ontains up-spin and down-spin eletrons belonging to dierent Landau levels. The
spin-dependent Coulomb interation leads to the valley polarization at ν = ±4,±8,±12, · · · for monolayer,
ν = ±2,±6,±10, · · · for bilayer, and ν = ±2,±4,±8,±12, · · · for trilayer graphene.
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I. INTRODUCTION
Reent experiments has established that the harge arriers in graphene are massless Dira
eletrons
1,2,3,4,5
. Dira eletrons have a peuliar property that they have the intrinsi Zeeman energy
preisely one half of the ylotron energy in magneti eld. Consequently a Landau level mixing
ours so that one energy level ontains up-spin and down-spin eletrons oming from dierent
Landau levels. It has two important onsequenes; the emergene of the zero-energy state
6
, and
the degeneray of the up-spin and down-spin states for eah nonzero-energy level [Fig.1(a)℄. The
aim of this paper is to explore new phenomena due to this intrinsi Zeeman eet in graphene.
The quantum Hall eet (QHE) in graphene
1,2,3,4,5
is unonventional. The lling fators form a
series [Fig.1(b)℄,
ν = 0,±1,±2,±4,±6,±8,±10,±12, · · · , (1.1)
where the bold-fae series had been predited
7,8,9
before it was found experimentally
1,2,3,4
, while
the full series was disovered later
5
with larger magneti eld applied. Subsequently theoretial
works
10,11,12,13,14
have been made to interpret the series. Furthermore, the series reads
ν = 0,±1,±2,±3,±4,±6,±8,±10,±12, · · · , (1.2)
in a bilayer graphene, where the bold-fae series has been found experimentally
4
and studied
theoretially
15
, while it reads
ν = 0,±1,±2,±3,±4,±5,±6,±8,±10,±12, · · · , (1.3)
in a trilayer graphene, where the bold-fae series has been predited theoretially
16
. In this paper
we show that the full series emerge when Coulomb interations beome important. It is notable
that the basi height in the Hall ondutane is 4e2/h for the bold-fae series for all these graphene
systems, indiating the 4-fold degeneray of the energy level exept for the rst step at the ν = 0
point within noninterating theory.
Condution and valene bands in graphene form onially shaped valleys, touhing at a point
[Fig.2℄. There are two inequivalent Brillouin zone orners, alled the K and K' points, at whih
massless Dira eletrons emerge
17,18,19
. Let us refer to the valley as the Dira valley, and assign the
valley index to the eletron so that the eletron at the K (K') point arries the index τ = + (−). As
we have mentioned, the graphene QH system is haraterized by the emergene of the zero-energy
state and the degeneray of the up-spin and down-spin states for eah nonzero-energy level. Sine
this holds separately at the K and K' points, eah energy level has a 4-fold degeneray [Fig.1(a)℄,
and the noninterating system has the SU(4) symmetry.
Intriguing phenomena our when we introdue Coulomb interations. It is neessary to onsider
the Coulomb eet in the zero-energy state and nonzero-energy states separately.
The zero-energy state is distintive, sine it ontains both eletrons and holes. Eletron-hole
pairs form an exitoni ondensation due to attrative interation, produing an exitoni gap. We
obtain a BCS-type state of eletron-hole pairs at ν = 0. As a onsequene of exitoni ondensation,
the degeneray of the zero-energy state is resolved into two subbands eah of whih ontains either
eletrons or holes. The Coulomb Hamiltonian, projeted to eah of them, has the U(1) symmetry
but is broken into the Z2 symmetry. We obtain the Ising QH ferromagnet at ν = ±1.
We next study nonzero-energy states of eletrons, where a single energy level ontains up-spin
and down-spin eletrons belonging to dierent Landau levels [Fig.1(a)℄. We derive a remarkable
onsequene that the eetive Coulomb potential depends on the spin and the valley in eah energy
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FIG. 1: (Color online) (a) The energy level (number in irle) and the Landau level (number with index E
or H) for eletrons and holes. The spin is indiated by a solid red (open blue) arrow for eletron and hole
at the K and K' points. The Nth energy level ontains up(down)-spin eletrons from the Nth Landau level
and down(up)-spin eletrons from the (N -1)th Landau level at the K (K') point for N ≥ 1. The zero-energy
level (N = 0) ontains up(down)-spin eletrons and down(up)-spin holes at the K (K') point. (b) The QH
ondutivity in graphene. The dotted blak urve shows the sequene ν = ±2,±6,±10, · · · , while the solid
red urve the sequene ν = 0,±1,±2,±4, · · · .
level. Namely, it depends on the spin of eletrons as well as on whih valley eletrons belongs to.
The Coulomb Hamiltonian, projeted to a single energy level, possesses only the U(1)⊗U(1)⊗Z2
symmetry. Consequently, the Coulomb interation resolves the 4-fold degeneray into two 2-fold
degeneraies, generating a new series at ν = ±4,±8,±12, · · · . The ground state is a valley polarized
state, by whih we mean that more eletrons are present in one valley than the other. This ours
beause the Coulomb energy is lower in higher Landau levels.
Our analysis an be generalized to the j-layer graphene system, where j = 1, 2 and 3 orrespond
to monolayer, bilayer and trilayer, respetively. We show that the zero-energy states have the
4j-fold degeneray. As a result the quantized values of the Hall ondutivity beome
σxy = ±
(
n+
j
2
)
4e2
h
, n = 0, 1, 2, · · · , (1.4)
within noninterating theory. We also disuss the eets due to Coulomb interations.
This paper is omposed as follows. In Setion II we investigate the energy spetrum in the
presene of magneti eld. We show that two Landau levels mix to reate one energy level. In
Setion III we onstrut the projeted Coulomb Hamiltonian relevant to analyze physis in the
Nth energy level. The eetive Coulomb potential is shown to depend on the spin and the valley
through the form fators haraterizing Landau levels. In Setion IV we treat the zero-energy
level (N = 0), whih ontains both eletrons and holes. We present a lear-ut desription of an
exitoni ondensation, produing a gap to the eletron and hole states, on the analogy of the BCS
superondutor. In Setion V, studying how Coulomb interations resolve the degeneray of the
nonzero-energy level, we derive the valley polarized ground state. In Setion VI our analysis is
generalized to multilayer graphene systems. Finally, Setion VII is devoted to disussions.
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FIG. 2: (Color online) (a) Graphene is made of a honeyomb lattie. It onsists of two triangular sublatties
generated by the two basis vetors a1 and a2 from the base points A and B in primitive ell (dotted retangle).
(b) The reiploal lattie is also a honeyomb lattie. The rst Brillouin zone is depited together with the
Dira valleys desribing the low-energy band struture.
II. DIRAC ELECTRONS AND INTRINSIC ZEEMAN EFFECT
A. Dira Hamiltonian
The low-energy band struture of graphene is desribed by onially shaped valleys, touhing at
a point. There exists two inequivalent Brillouin zone orners ±K = (±4π/√3a, 0) with a the lattie
onstant. They are alled the K and K' points [Fig.2(b)℄. The two-dimensional energy dispersion
relation is linear in these Dira valleys,
Eτ (k) = ~vF|k − τK|, (2.1)
where v
F
is the Fermi veloity, and τ = ± is the valley index. This linear behavior has been
onrmed experimentally
20
up to 3eV. It is onvenient to make the hange of variable, k = k′+τK,
and rewrite the dispersion relation as
E(k′) = ~v
F
|k′|. (2.2)
We use the variable k′ to show that ~k′ is the relative momentum of eletrons, |k′| ≪ |K|, measured
from τK at the K or K' point.
There exists one eletron per one arbon and the band-lling fator is 1/2 in graphene. Hene
we have eletron exitations in the ondution band and hole exitations in the valene band.
Furthermore there exists the eletron-hole symmetry.
The dispersion relation (2.2) is that of `relativisti' Dira fermions
17,18,19
. Hene the seond-
quantized Hamiltonian is given by
H =
∑
τ=±
∫
d2xΨ†τ (x)H
τ
D
Ψτ (x), (2.3)
where Hτ
D
is the quantum mehanial Hamiltonian,
Hτ
D
= v
F
(τσxpx + σypy) γ5, (2.4)
with pi ≡ −i~∂i, the Pauli matrix σi and the Dira matrix γ5. The eld Ψτ (x) onsists of eight
omponents, orresponding to the spin degree of freedom, the eletron-hole degree of freedom and
4
the valley degree of freedom. Being massless, the Hamiltonian desribes Weyl fermions, and the
spin index σ represents the heliity.
The eld operator Ψτ (x) is expanded in terms of the eigenfuntions of H
τ
D
as
Ψτ (x) = Ψeτ (x) + Ψhτ (x), (2.5)
with
Ψ
eτ (x) =
∑
σ
∫
d2k′
2π
cστ (k
′)uτσ(k
′)eik
′x, (2.6a)
Ψ
hτ (x) =
∑
σ
∫
d2k′
2π
dσ†τ (k
′)vτσ(k
′)e−ik
′x, (2.6b)
where cστ (k
′) and dσ†τ (k
′) are the annihilation operator of an eletron and the reation operator
of a hole, respetively, while uτσ(k
′) and vτσ(k
′) are the orresponding eigenfuntions of the Dira
operator (2.4) with the eigenvalue E(k′) = ±~v
F
|k′|.
The eld Ψτ (x) desribes solely the dynamis of eletrons loalized in eah Dira valley at the
K or K' point. In the dispersion relation (2.2), ~k′ is the momentum utuation around ±~K
at the K or K' point. The total momentum of the eletron is not ~k′ but ~k = ~k′ ± ~K. Due
to this fat, the eigenfuntions uτσ(k
′) and vτσ(k
′) are not wave funtions but envelope funtions21.
The wave funtions are given by eiτK·xuτσ(x) and e
iτK·xvτσ(x). Aordingly, the eld operators of
eletrons and holes are
ψ
eτ (x) = e
iτK·xΨ
eτ (x), ψ
hτ (x) = e
iτK·xΨ
hτ (x). (2.7)
Thus, to analyze the Coulomb interation, it is neessary to use ψ
eτ (x) and ψhτ (x). In Appendix
A we derive the Dira Hamiltonian (2.4) based on the eetive-mass desription
21
.
We make a omment on the fator τ in front of σx in (2.4). It has the standard expression of the
Dira Hamiltonian for τ = +, that is, at the K point. The K point is transformed into the K' point
under the mirror reetion. Corresponding to this we have the mirror-reeted Dira Hamiltonian
(2.4) for τ = −, that is, at the K' point. The total Hamiltonian (2.3) has the mirror symmetry.
B. Landau Levels
We apply the magneti eld to a graphene sheet taken on the xy plane. It is introdued to the
Hamiltonian (2.3) by making the minimal substitution,
Hτ
D
= v
F
(τσxPx + σyPy) γ5, (2.8)
where Pi ≡ −i~∂i + eAi is the ovariant momentum. We assume a homogeneous magneti eld
B = ∇ × A = (0, 0,−B) with B > 0 along the z axis. The presene of the external magneti
eld modies the mirror symmetry as follows: The modied mirror reetion not only transforms
the K point into the K' point but also reverses the diretion of the magneti eld to maintain the
symmetry. This is most learly seen in (2.19), as we shall disuss later. Consequently, the K and
K' points beome physially distinguishable.
Eletrons make ylotron motion in magneti eld. The heliity is no longer a good variable,
sine there exists a speial diretion for the spin, that is, the diretion of magneti eld. In this
5
ase it is onvenient to use the standard representation for the Dira matries, where
γ5 =

 0 1
1 0

 . (2.9)
In order to disuss the QHE, we solve the quantum mehanial problem with the Hamiltonian (2.8)
in eah Dira valley,
Hτ
D
Ψτ (x) = EτΨτ (x), (2.10)
and we expand the eld operator in terms of the new eigenfuntions.
To solve the eigen equation (2.10) we express the Hamiltonian (2.8) as
Hτ
D
=

 0 Qτ
Qτ 0

 , (2.11)
with the use of (2.9) for γ5, where
Qτ = vF (τσxPx + σyPy) . (2.12)
It is diagonalized as
Hτ
D
= diag.
(√
QτQτ ,−
√
QτQτ
)
. (2.13)
We introdue a pair of operators
a =
ℓB(Px + iPy)√
2~
, a† =
ℓB(Px − iPy)√
2~
, (2.14)
satisfying [a, a†] = 1, where ℓB =
√
~/eB is the magneti length. Sine the operators (2.12) is
rewritten as
Q+ = ~ωc

 0 a†
a 0

 , Q− = ~ωc

 0 a
a† 0

 , (2.15)
with ωc =
√
2~v
F
/ℓB , the diagonalized Hamiltonian reads
H+
D
=~ωc diag.
(√
a†a,
√
aa†,−
√
a†a,−
√
aa†
)
, (2.16a)
H−
D
=~ωc diag.
(√
aa†,
√
a†a,−
√
aa†,−
√
a†a
)
. (2.16b)
Sine a†a is the number operator, the eigenvalue of the Dira Hamiltonian H±
D
follows immediately,
E+N = ~ωc
(√
N,
√
N + 1,−
√
N,−
√
N + 1
)
, (2.17a)
E−N = ~ωc
(√
N + 1,
√
N,−
√
N + 1,−
√
N
)
, (2.17b)
6
with the eigenstate
|N〉 = 1√
N !
(a†)N |0〉, (2.18)
where N = 0, 1, 2, 3, · · · .
The operators a and a† are the Landau-level ladder operators. Hene, N in (2.17) represents
the Landau-level index. We have found that the energy of an eletron in the Nth Landau level is
either ~ωc
√
N or ~ωc
√
N + 1. It is urious that the energy of an eletron in the lowest Landau
level (N = 0) is zero though it performs ylotron motion. This puzzle is solved in the sueeding
subsetion.
C. Pauli Hamiltonian
To reveal the intrinsi struture of the energy spetrum, we investigate the Hamiltonian
14,22,23,24
H±
P
= Q±Q± = v
2
F
[
(−i~∇+ eA)2 ∓ e~σzB
]
, (2.19)
whih is the building bloks of the Dira Hamiltonian (2.13). Here, the diretion of the magneti
eld is found to be eetively opposite at the K and K' points. Sine this has the same form as
the Pauli Hamiltonian with the mass m∗ = 1/4v2
F
exept for the dimension, we all it the Pauli
Hamiltonian for brevity. The salient feature of the relativisti Dira Hamiltonian is that its spetrum
is mapped from that of the nonrelativisti Pauli Hamiltonian. Thus, the energy eigenvalue EτN of
the Dira Hamiltonian Hτ
D
is onstruted as EτN = ±
√
EτN from the energy eigenvalue E
τ
N of the
Pauli Hamiltonian Hτ
P
.
In the Pauli Hamiltonian (2.19), the rst term is the kineti term while the seond term is the
Zeeman term. It is xed uniquely as an intrinsi property of the Dira theory: We all it the
intrinsi Zeeman eet.
The Landau level is reated by eletrons making ylotron motion. In the onventional QHE,
sine the Zeeman energy an be onsidered muh smaller than the Landau-level separation, we
may treat it as a perturbation. However, this is not the ase in graphene. Aording to the Pauli
Hamiltonian (2.19), the intrinsi Zeeman energy is preisely one half of the ylotron energy for
Dira eletrons, and two Landau levels mix to reate one energy level, as illustrated in Fig.1(a).
We onsider the K point (τ = +). It is obvious that the up-spin and down-spin states are
eigenstates of the Pauli Hamiltonian (2.19) and hene eigenstates of the Dira Hamiltonian (2.13),
and that the up-spin state has a lower energy than the down-spin state when they belong to the
same Landau level. On the other hand, the diretion of the spin is opposite at the K and K' points.
Hene, we an make the following identiation of quantum numbers for eletrons in the Nth level
(N ≥ 1) of the energy spetrum [Fig.1(a)℄,
E+↑N = E+↓N−1 = E−↓N = E−↑N−1 = ~ωc
√
N. (2.20)
A similar identiation an be made for holes in the Nth energy level (N ≥ 1) . The zeroth energy
level (N = 0) onsists of the up-spin eletron and the down-spin hole at the K point, and the
down-spin eletron and the up-spin hole at the K' point [Fig.1(a)℄, oming from the lowest Landau
levels for eletrons and holes.
Counting the states at the K and K' points all together, one energy level has a 4-fold degener-
ay. Eah lled energy level ontributes one ondutane quantum e2/~ to the Hall ondutivity.
Consequently the resulting series is ν = ±2,±6,±10, · · · , whih aounts for the bold-fae series
(1.1) in the monolayer graphene.
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D. Field Operators
We fous on eletrons in the Nth energy level. (Essentially the same analysis is appliable to
holes.) We start with the quantum-mehanial state in a single Landau level. We deompose the
eletron oordinate x = (x, y) into the guiding enter X = (X,Y ) and the relative oordinate
R = (Rx, Ry), x = X + R, where Rx = −Py/eB and Ry = Px/eB with P = (Px, Py) the
ovariant momentum. They satisfy the ommutation relations [X,Y ] = −iℓ2B, [Px, Py] = i~2/ℓ2B ,
[X,Px] = [X,Py ] = [Y, Px] = [Y, Py ] = 0. We dene a set of operators b, b
†
by
b =
1√
2ℓB
(X − iY ), b† = 1√
2ℓB
(X + iY ), (2.21)
obeying [b, b†] = 1, in addition to a set of operators a, a† by (2.14). The quantum-mehanial states
are the Fok states,
|N,n〉 = 1√
N !n!
(a†)N (b†)n|0〉 (2.22)
with |0〉 the Fok vauum, a|0〉 = b|0〉 = 0.
We have onstruted the energy spetrum of the Dira Hamiltonian (2.13) in eah Dira valley,
as illustrated in Fig.1(a). The Nth energy level (N 6= 0) ontains eletrons oming from two Dira
valleys (τ = ±), whose eld operators are expanded in terms of the eigenfuntions. Corresponding
to E+↑N , E+↓N−1, E−↓N and E−↑N−1 in (2.20), we have
ψ↑N+(x) = e
iKx
∑
n
〈x|N,n〉c↑+(N,n), (2.23a)
ψ↓N−(x) = e
−iKx
∑
n
〈x|N,n〉c↓−(N,n), (2.23b)
ψ↓N+(x) = e
iKx
∑
n
〈x|N − 1, n〉c↓+(N − 1, n), (2.23)
ψ↑N−(x) = e
−iKx
∑
n
〈x|N − 1, n〉c↑−(N − 1, n), (2.23d)
where cστ (N,n) is the annihilation operator ating on the Fok state |N,n〉 at the τ point. In what
follows we suppress the Landau-level index N in cστ (N,n) with the understanding that c
↑
+(n) =
c↑+(N,n), c
↓
−(n) = c
↓
−(N,n), c
↓
+(n) = c
↓
+(N − 1, n), c↑−(n) = c↑−(N − 1, n). See (2.7) with respet
to the fator e±iKx. The eletron operators in the zeroth energy level are given by ψ↑N+(x) and
ψ↓N−(x) with N = 0.
III. COULOMB INTERACTIONS
We make the basi assumption that the ylotron energy is muh larger than the Coulomb energy
as in the onventional QHE
25,26,27
. We neglet the Landau-level mixing by the Coulomb interation,
and analyze it within one energy level [Fig.1(a)℄. There exists a onsistent formalism, known as the
Landau-level projetion. The projeted theory presents not only a good approximation but also
an essential way to reveal a new physis inherent to the QH system
25,26,27
. Then we may treat
the eletron system, the hole system and the zero-energy system independently of eah other. The
hole system has the same struture as the eletron system due to the eletron-hole symmetry. On
8
the other hand, the zero-energy system ontains both eletrons and holes. We study the eletron
system in this setion, and the zero-energy system of eletrons and holes in Setion IV.
Assuming all lower levels are lled up, we study the Coulomb interation between eletrons
onned within the Nth energy level (N ≥ 1). The Coulomb Hamiltonian reads
H =
1
2
∫ ∫
d2xd2y V (x− y)ρ(x)ρ(y), (3.24)
where ρ (x) is the density operator
ρ(x) =
∑
ττ ′σ
ψσ†τ (x)ψ
σ
τ ′ (x) . (3.25)
The Landau-level projetion of the Coulomb Hamiltonian (3.24) is a simple generalization of the
lowest-Landau-level projetion
28
familiar in the onventional QHE. We require the density operator
to be omprised solely of the eletron elds belonging to the Nth energy level. Thus, from (3.25)
we onstrut the projeted density operator ρN (x) by
ρN (x) =
∑
ττ ′σ
ψσ†Nτ (x)ψ
σ
Nτ ′(x), (3.26)
where ψσNτ (x) is the eld operator (2.23). As we show in Appendix II, the projeted density
operator is rewritten in the momentum spae as
ρN (q) =
∑
ττ ′σ
F σττ ′ (q) Dˆ
σσ
ττ ′ (q) , (3.27)
where Dˆσσ
′
ττ ′ (q) is the bare density operator
29
,
Dˆσσ
′
ττ ′ (q) =
1
2π
∑
mn
〈m|e−i[q+τK−τ ′K]X|n〉cσ†τ (m)cσ
′
τ ′ (n), (3.28)
and F σττ ′ (q) is the form fator,
F ↑++ (q) = F
↓
−− (q) = FN (q) , (3.29a)
F ↓++ (q) = F
↑
−− (q) = FN−1 (q) , (3.29b)
F ↑+− (q) = F
↓
−+ (q) = GN (q) , (3.29)
F ↑−+ (q) = F
↓
+− (q) = G
∗
N (−q) , (3.29d)
with
FN (q) =〈N |e−iqR|N〉, (3.30a)
GN (q) =〈N |e−i(q−K)R|N − 1〉. (3.30b)
Here we have used the relation, q = q + 3K, due to the lattie struture. It should be remarked
that the bare density operator Dˆσσ
′
ττ ′ (q) involves only the guiding enter oordinate X , while the
form fator F σττ ′ (q) involves only the relative oordinate R.
The form fators are expliitly given by using
30
〈N+M |eiqR|N〉 =
√
N !√
(N +M)!
(
ℓBq√
2
)M
LMN
(
ℓ2Bq
2
2
)
e−
1
4
ℓ2
B
q2
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FIG. 3: (Color online) The spin dependene of the eetive Coulomb potential. The vertial axis is the
potential in unit of e2/4πεℓB. The horizontal axis is the distane r in unit of ℓB. The dotted red urve
represents the ordinary Coulomb potential without the form fator. (a) The eetive Coulomb potential
V ↑↑
N
(r) in the Nth energy level for N = 0, 1, 2, 3 from top to bottom. Note that V ↓↓
N
(r) = V ↑↑
N−1(r). It
desribes interations between eletrons with the same spin. (b) The eetive Coulomb potential V ↑↓
N
(r) for
N = 0, 1, 2, 3 from top to bottom. It desribes interations between eletrons with the dierent spins.
for M ≥ 0 in terms of assoiated Laguerre polynomials.
A omment is in order on the form fators. It is easy to see that
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GN (q) ≃ e−
1
2
ℓ2
B
|K|2FN (q) . (3.31)
Thus, GN (q) is exponentially smaller than FN (q). For instane, F
↑
+− (q) ≡ GN (q) represents the
transfer of the up-spin eletron (σ =↑) from the K' point (τ = −) to the K point (τ = +). Hene,
suh a mixing between the K and K' points is atually negligible.
The projeted Coulomb Hamiltonian is onstruted by substituting the projeted density (3.27)
into the Hamiltonian (3.24),
HN =π
∫
d2q V (q)ρN (−q)ρN (q)
=π
∑
ττ ′σ′
∑
λλ′σ′
∫
d2q V σσ
′
N ;ττ ′λλ′(q)Dˆ
σ
ττ ′(−q)Dˆσ
′
λλ′(q), (3.32)
where V σσ
′
N ;ττ ′λλ′
(q) is the eetive Coulomb potential in the Nth energy level,
V σσ
′
N ;ττ ′λλ′(q) = V (q)F
σ
ττ ′(−q)F σ
′
λλ′(q) (3.33)
with
V (q) =
e2
4πε|q| . (3.34)
It is remarkable that the eetive Coulomb potential depends on the spin and the valley through
the form fators F σττ ′(q) haraterizing Landau levels.
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FIG. 4: (Color online) The spin dependene of the eetive Coulomb potential V ↓↓
N
(r), V ↑↑
N
(r) and V ↑↓
N
(r)
in the Nth energy level for (a) N = 0, (b) N = 1, and () N = 2. All eetive potentials agree for the
lowest energy level (N = 0). The vertial axis is the potential in unit of e2/4πεℓB.
The typial eetive Coulomb potentials in the Nth energy level at the K point are
V ↑↑N (q) =V (q)FN (−q)FN (q), (3.35a)
V ↓↓N (q) =V (q)FN−1(−q)FN−1(q), (3.35b)
V ↑↓N (q) =V (q)FN (−q)FN−1(q). (3.35)
The potential V σσN (q) stands for the interation between eletrons with the same spin σ, V
↑↓
N (q)
for the interation between eletrons with the dierent spin. The spin diretion is reversed at the
K' point. We have illustrated the eetive Coulomb potentials in Figs.3 and 4.
We note that the eetive potential V ↑↑N (q) for eletrons with the same spin in the Nth energy
level has preisely the same form as in the standard QHE for eletrons in the Nth Landau level:
Compare Fig.3(a) with Fig.7 in Ref.
31
. On the other hand the eetive potential V ↑↓N (q) for
eletrons with the dierent spins are entirely new.
IV. EXCITONIC CONDENSATION
It is neessary to pay a speial attention to the zero-energy level (N = 0), sine it ontains both
eletrons and holes. Let us reapture the properties of the zero-energy level [Fig.5℄. In the absene
of the magneti eld the band struture is given by the Dira valleys assoiated with the dispersion
relation (2.2), as illustrated in Fig.5(a). When the magneti eld is applied, the band struture is
hanged to generate Landau levels [Fig.5(b)℄. However, the Dira eletron is subjet to the intrinsi
Zeeman eet, whih indues a Landau-level mixing, and the zero-energy state emerges for up-spin
eletrons as well as down-spin holes [Fig.5()℄. There exists an attrative Coulomb fore between
an eletron and a hole. Hene we expet them to make an exitoni ondensation, produing a gap
to the eletron and hole states [Fig.5(d)℄.
The exitoni ondensation in graphene has been studied in various ontexts
13,32,33,34
. Here,
we present a lear-ut approah to this problem on the analogy of the BCS theory. Our physial
piture is summarized in Fig.5. The remarkable point is that the kineti term is quenhed in eah
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FIG. 5: (Color online) (a) Eletron states (blue region) and hole states (red region) in the Dira valley at the
K point. (b) When the magneti eld is applied, the band struture is hanged to generate Landau levels.
() The intrinsi Zeeman eet indues a Landau-level mixing, and the zero-energy state with the up-spin
eletron and the down-spin hole emerges. (d) They make an exitoni ondensation to form a BCS-type
state, produing a gap to the eletron and hole states.
Landau level, and hene it is also absent in the zero-energy level. This simplies onsiderably our
analysis.
The eld operators present in the zero-energy level are ψ↑
e+(x), ψ
↓
e−(x) for eletrons and ψ
↓
h+(x),
ψ↑
h−(x) for holes oming from the N = 0 Landau levels [Fig.1(a)℄. It is suient to investigate
eletron-hole pairs at the K and K' points separately. An exiton omposed of an eletron and a
hole belonging to dierent valleys is fragile, beause their eetive Coulomb potential involves the
fator e−
1
2
ℓ2
B
|K|2
ompared with the one within the K point: See (3.29) and (3.31). For deniteness,
we onsider the K point [Fig.5℄.
The eetive Coulomb potential (3.33) is simple in the lowest Landau level,
V e(q) = V (q)e−ℓ
2
B
q2/2. (4.36)
We onsider the eetive Hamiltonian together with this eetive potential,
He = −
∫
d2xd2y V e(x− y)ψ↑†
e
(x)ψ↑
e
(x)ψ↓†
h
(y)ψ↓
h
(y), (4.37)
where ψ↑
e
(x) and ψ↓
h
(x) are the up-spin eletron eld and the down-spin hole eld, respetively.
The Hamiltonian is rewritten as
He = −π
∫
V e(q)ψ↑†
e
(k + q)ψ↓†
h
(k′)ψ↓
h
(k′ − q)ψ↑
e
(k). (4.38)
Here and here after, under the symbol
∫
, the integration over momentum variables is understood.
We derive the gap equation, following the analysis familiar in the BCS theory. We take the
terms satisfying q = k′ − k as the dominant ones, and approximate the Hamiltonian as
He ≃ −π
∫
V e(k′ − k)ψ↑†
e
(k′)ψ↓†
h
(k′)ψ↓
h
(k)ψ↑
e
(k). (4.39)
We dene the singlet exitoni gap funtion by
∆(k) =
∫
d2k′ V e(k′ − k)〈ψ↑†
e
(k′)ψ↓†
h
(k′)〉, (4.40)
12
whih an be taken to be positive without loss of generality.
The mean-eld Hamiltonian reads
He ≃ −π
∫
[∆ (k)ψ↓
h
(k)ψ↑
e
(k) + ψ↑†
e
(k)ψ↓†
h
(k)∆∗ (k)]. (4.41)
By setting
Ψ1 (k) =
1√
2
[ψ↑
e
(k) + ψ↓†
h
(k)], (4.42a)
Ψ2 (k) =
1√
2
[ψ↑†
e
(k)− ψ↓
h
(k)]2, (4.42b)
it is easy to diagonalize (4.41) as
He ≃ π
∫
d2k∆(k) [Ψ†1 (k)Ψ1 (k) + Ψ
†
2 (k)Ψ2 (k)]. (4.43)
Sine Ψ1 and Ψ2 are free elds, the ground state is given by solving
Ψ1 (k) |Φex〉 = Ψ2 (k) |Φex〉 = 0, (4.44)
or
|Φ
ex
〉 =
∏
k
1√
2
[1 + ψ↓†
h
(k)ψ↑†
e
(k)]|0〉. (4.45)
This is a BCS-type state representing the ondensation of eletron-hole pairs.
Due to the Fermi statistis the thermodynamial average 〈Ψ†i (k)Ψj (k)〉 is given by
〈Ψ†1 (k)Ψ1 (k)〉 =〈Ψ†2 (k)Ψ2 (k)〉 =
1
1 + e∆(k)/kBT
,
〈Ψ†2 (k)Ψ1 (k)〉 =〈Ψ†1 (k)Ψ2 (k)〉 = 0, (4.46)
where k
B
is the Boltzmann fator. Combining these with (4.42) we obtain
〈ψ↑†
e
(k)ψ↓†
h
(k)〉 = 1
2
tanh
∆ (k)
2k
B
T
. (4.47)
Substituting this into (4.40) we derive the gap equation,
∆(k) =
1
2
∫
d2k′V e(k′ − k) tanh ∆(k
′)
2k
B
T
. (4.48)
In the limit T → 0, the zero-momentum gap ∆(k) is given by the dispersionless relation
∆(k)|T=0 = π
√
π
2
e2
4πεℓB
≡ ∆0. (4.49)
For nite temperature, assuming the gap is dispersionless, we obtain the relation
∆T
∆0
= tanh
∆T
2k
B
T
. (4.50)
The ritial temperature T
C
at whih ∆T = 0 is solved as TC = ∆0/2kB.
Aording to the diagonalized Hamiltonian (4.43), the exitoni ondensation provides them
with the mass ∆0, resolving the eletron-hole degeneray in the zero-energy state. Combining the
results at the K and K' points, the 4-fold degenerate levels split into two 2-fold degenerate levels
[Fig.5(d)℄ with the gap energy (4.49). This leads to a new plateau at ν = 0, as illustrated in Fig.6
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FIG. 6: (Color online) (a) The QH ondutivity in graphene. The dotted blak urve shows the sequene
ν = ±2,±6,±10, · · · , while the solid red urve the sequene ν = 0,±1,±2,±4,±6,±8, · · · . (b) The energy
level within noninterating theory, indiated by the number in irle. The spin is indiated by a solid red
(open blue) arrow for eletron (hole) at the K and K' points. The number attahed to a solid red (open
blue) arrow shows from whih Landau level the eletron (hole) omes from. () When Coulomb interations
are inluded, the zero-energy level splits into four nondegenerate subbands, while eah nonzero-energy level
splits into two 2-fold degenerate subbands with the exat U(1) symmetry.
V. VALLEY POLARIZATION
It is now possible to treat eletrons and holes separately sine the gap has opened between the
eletron and hole bands. Furthermore, it is enough to study only eletrons due to the eletron-hole
symmetry. We show that the Coulomb eet modies the energy spetrum of the noninterating
theory so that plateaux emerges at ν = ±1,±2n with n = 1, 2, 3, · · · [Fig.6℄.
We express the Coulomb Hamiltonian (3.32) as
HN =
∑
V σσ
′;ττ ′λλ′
N ;mnij c
σ†
τ (m)c
σ
τ ′(n)c
σ′†
λ (i)c
σ′
λ′(j), (5.1)
where the summations over repeated indies, m, n, i, j, σ, σ′, τ , τ ′, λ, λ′ are understood, and
V σσ
′;ττ ′λλ′
N ;mnij =
1
4π
∫
d2q V (q)F σττ ′(−q)F σ
′
λλ′(q)
× 〈m|e−i[−q+τK−τ ′K]X|n〉〈i|e−i[q+λK−λ′K]X|j〉. (5.2)
We introdue
V ττ
′λλ′
N ;D =
∑
ij
V ↑↑;ττ
′λλ′
N ;iijj , V
ττ ′λλ′
N ;X =
∑
ij
V ↑↑;ττ
′λλ′
N ;ijji . (5.3)
They represent the diret and exhange Coulomb energies, respetively. It is easy to evaluate them
numerially: See Fig.7(a) for V ++++N ;X . We analyze the lowest energy level and higher energy levels
separately.
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FIG. 7: (a) The exhange energy V ++++
N ;X
of the Nth energy level as a funtion of N . The vertial axis is
the energy in unit of e2/4πεℓB. Note that V
−−−−
N ;X
= V ++++
N−1;X . (b) The funtion tan
2 αN given by (5.12).
It approahes 1 assymptotially, limN→∞ tan
2 αN = 1.
A. Lowest Energy Level
We rst study the lowest energy level, whih ontain two degenerate states [Fig.6(b)℄. The
degeneray is resolved obviously by a strong extrinsi Zeeman eet if it exists. We onsider the
ase where the extrinsi Zeeman energy is absent at temperature T = 0, or is present but quite
small ompared with the thermal energy at T 6= 0. We ask whether the degeneray is resolved even
in suh ases.
As a generi trial funtion we take
|Φ0〉 =
∏
n
(
uc↑†+ (n) + vc
↓†
− (n)
)
|0〉 , (5.4)
with |u|2+ |v|2 = 1. The state overs the entire SU(2) spae of the lowest energy level for eletrons,
when the two parameters u and v are varied.
We alulate the Coulomb energy 〈H〉0 ≡ 〈Φ0|H|Φ0〉 with (5.1). Most terms are SU(2) invariant,
but there exists a noninvariant term,
〈H
noninv
〉0 = 2π|uv|2V ++++0;X . (5.5)
Hene the SU(2) symmetry is broken expliitly into the U(1) symmetry by Coulomb interations.
The energy is minimized either u = 0 or v = 0 due to the term (5.5), orresponding to the state
|Φ↓0〉 =
∏
n
c↓†− (n) |0〉 or |Φ↑0〉 =
∏
n
c↑†+ (n) |0〉 . (5.6)
The ground state is either |Φ↓0〉 or |Φ↑0〉, though there exists still the Z2 symmetry. The energy
barrier is of the order of the Coulomb energy, whih is muh larger than the thermal energy.
We onlude as follows: The two levels split expliitly by an extrinsi Zeeman eet if exits.
Then the rst energy level is up-spin polarized, and the seond energy level is down-spin polarized.
Even without suh an extrinsi Zeeman eet, driven by the Coulomb exhange interation, the
spontaneous breakdown of the Z2 symmetry turns the system into a QH ferromagnet
26,27
. It is
reasonable to all it the Ising QH ferromagnet due to the Z2 symmetry. In any ase, a plateau
emerges at ν = 1, where the ativation energy is of the order of the typial Coulomb energy as in
the onventional QHE
26,27
.
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B. Nth Energy Level
We next study the Nth energy level with N ≥ 1. It ontains four degenerate states with the
SU(4) symmetry in noninterating theory. However, the projeted density is invariant only under
U(1)×U(1)×Z2. Hene we take a set of trial funtions by requiring this symmetry,
|Φ↑N 〉 =
∏
n
(
sinαNe
iθ↑c↑†+ (n) + cosαNe
−iθ↑c↑†− (n)
)
|0〉 , (5.7a)
|Φ↓N 〉 =
∏
n
(
cosαNe
−iθ↓c↓†+ (n) + sinαNe
iθ↓c↓†− (n)
)
|0〉 , (5.7b)
where the phase fators eiθ
↑
and eiθ
↓
assure the U(1)×U(1) symmetry. These two states are degen-
erate, 〈Φ↑N |HN |Φ↑N 〉 = 〈Φ↓N |HN |Φ↓N 〉, due to the Z2 symmetry.
It is easy to determine the angle αN by minimizing the Coulomb energy 〈ΦσN |HN |ΦσN 〉. After
some alulations we nd
〈Φ↑N |HN |Φ↑N 〉 = A| sinαN |4 +B| cosαN |4 + C| sinαN cosαN |2, (5.8)
where
A =V ++++N ;D − V ++++N ;X , B = V −−−−N ;D − V −−−−N ;X , (5.9a)
C =V ++−−N ;D + V
−−++
N ;D − V +−−+N ;X − V −++−N ;X (5.9b)
with (5.3). Here, V ++++N ;D = V
−−−−
N ;D = V
++−−
N ;D = V
−−++
N ;D sine F
σ
ττ ′(0) = 1. Furthermore, beause
of (3.31), V +−−+N ;X and V
−++−
N ;X are exponentially smaller in (a/ℓB)
2
than V ++++N ;X or V
−−−−
N ;X , and
an be negleted. Hene
tan2 αN =
B −C/2
A− C/2 ≃
V −−−−N ;X
V ++++N ;X
. (5.10)
Now it follows from (3.29) that V −−−−N ;X = V
++++
N−1;X . We an also see [Fig.7(a)℄
V ++++N−1;X > V
++++
N ;X , (5.11)
implying that the Coulomb energy of an eletron in higher Landau level is lower. It follows that
tan2 αN ≃
V ++++N−1;X
V ++++N ;X
> 1. (5.12)
We have depited tan2 αN as a funtion of N in Fig.7(b).
We onlude that, if we take the state |Φ↑N 〉, more eletrons are present in the Dira valley at the
K point than at the K' point sine | sinαN | > | cosαN |. Namely, the valley polarization has ourred
both in |Φ↑N 〉 and |Φ↓N 〉. This an be understood physially as follows [Fig.1(a)℄: Up-spin eletrons
in the K point belong to the (N -1)th Landau level but those in the K' point belong to the Nth
Landau level. It is easier to ll Landau sites at the K point beause the Coulomb energy is lower
in higher Landau levels. The valley polarization disappears as N →∞, sine V −−−−N+1;X = V −−−−N ;X in
the limit [Fig.7(b)℄.
An extrinsi Zeeman eet open a gap between these two spin polarized states. Even without
suh an eet, driven by the Coulomb exhange interation, the spontaneous breakdown of the Z2
symmetry turns the system into a QH ferromagnet. Note that it has still the 2-fold degeneray. In
any ase, a plateau emerges at ν = 4N [Fig.6()℄, where the ativation energy is of the order of the
typial Coulomb energy as in the onventional QHE
26,27
.
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VI. MULTILAYER GRAPHENE SYSTEMS
A. Bilayer Graphene (Bernal Staking)
We proeed to generalize the above analysis to a bilayer graphene, whih is a system made of
two oupled hexagonal latties aording to the Bernal staking. In the absene of magneti eld,
the low-energy spetrum of the bilayer graphene is known
4,15,16,35
to be paraboli,
E (k) ∝ |k|2, (6.1)
near the K and K' points. In the presene of the magneti eld, we an reformulate the model
Hamiltonian
15,16,35
as the generalized Dira Hamiltonian dened by
H± = diag.
(√
Q±Q±,−
√
Q±Q±
)
, (6.2)
together with
Q+ =

 0 A†
A 0

 , Q− =

 0 A
A† 0

 . (6.3)
Here, A = ~ωca
2
, with a given by (2.14). We also onsider the generalized Pauli Hamiltonian
H+
P
≡Q+Q+ = (~ωc)2

 a2†a2 0
0 a2a2†

 , (6.4a)
H−
P
≡Q−Q− = (~ωc)2

 a2a2† 0
0 a2†a2

 . (6.4b)
We may swith o the magneti eld in this formula, and reprodue the energy spetrum (6.1).
The eigenvalue of the Hamiltonian H± is derived as
H±|N〉 =
(
E±↑N , E±↓N ,−E±↑N ,−E±↓N
)
|N〉 (6.5)
with the eigenstate |N〉 = (N !)−1/2(a†)N |0〉, where
E+↑N = E−↓N = ~ωc
√
N (N − 1), (6.6a)
E+↓N = E−↑N = ~ωc
√
(N + 2) (N + 1) (6.6b)
for N = 0, 1, 2, 3, as illustrated in Fig.8. It is interesting that two Landau levels mix to reate one
nonzero-energy level, but that four Landau levels mix to reate the zero-energy level. Thus there
exists the 4-fold degeneray in the nonzero-energy level but the 8-fold degeneray in the zero-energy
state, as results in the bold-fae series (1.2). This agrees with the previous result
4,15,16
.
We inlude Coulomb interations. The Nth energy level (N 6= 0) has the same struture as
in the monolayer graphene system. Coulomb interations make eah energy level split into two
subbands.
17
FIG. 8: (Color online) (a) The QH ondutivity in bilayer graphene. The dotted blak urve shows the
sequene ν = ±4,±8,±12, · · · , while the solid red urve the sequene ν = 0,±1,±2,±3,±4,±6,±8, · · · .
(b) The energy level within noninterating theory. The spin is indiated by a solid red (open blue) arrow
for eletron (hole) at the K and K' points. The number attahed to a solid red (open blue) arrow shows
from whih Landau level the eletron (hole) omes from. () When Coulomb interations are inluded, the
zero-energy level splits into eight nondegenerate subbands, while eah nonzero-energy level splits into two
2-fold degenerate subbands with the exat U(1) symmetry.
We disuss the zero-energy state in some details. There are eletron-hole pairs oming from the
N = 0 Landau level and the N = 1 Landau level for eletrons and holes [Fig.8(b)℄. At the K point
there are four gap funtions ∆00 (k), ∆11 (k), ∆01 (k) and ∆10 (k),
∆NN ′ (k) =
∫
d2k′ V e(k′ − k)〈ψN↑†
e
(k′)ψN
′↓†
h
(k′)〉, (6.7)
where ψN↑†
e
and ψN
′↑†
h
are reation operators of eletrons in the Nth Landau level and holes in the
N ′th Landau level, respetively. Repeating similar analysis we have made in Setion IV, we solve
the gap equations at T = 0 as
∆00 (k) =∆0, (6.8a)
∆11 (k) =
3
4
∆0, (6.8b)
∆01 (k) =∆10 (k) =
1
2
∆0, (6.8)
where ∆0 is given by (4.49); ∆0 = π
√
π/2(e2/4πεℓB). Thus, the 8-fold degenerate zero-energy
level splits into four 2-fold degenerated subbands, produing plateaux at ν = ±2,±4. Furthermore
we have Ising QH ferromagnets at ν = ±1,±3. Consequently, we predit the full series (1.2).
B. Trilayer Graphene (Rhombohedral Staking)
The above analysis is appliable also to a trilayer graphene with the ABC staking (rhombohedral
staking). In the absene of the magneti eld, the low-energy spetrum of trilayer graphene has
18
FIG. 9: (Color online) (a) The QH ondutivity in trilayer graphene. The dotted blak urve shows the
sequene ν = ±6, ±10, ±14, · · · , while the solid red urve the sequene ν = 0, ±1, ±2, ±3, ±4, ±5, ±6,
±8, ±10, · · · . (b) The energy level within noninterating theory. The spin is indiated by a solid red (open
blue) arrow for eletron (hole) at the K and K' points. The number attahed to a solid red (open blue)
arrow shows from whih Landau level the eletron (hole) omes from. () When Coulomb interations are
inluded, the zero-energy level splits into twelve nondegenerate subbands, while eah nonzero-energy level
splits into two 2-fold degenerate subbands with the exat U(1) symmetry.
been argued
16
to be ubi,
E (k) ∝ |k|3, (6.9)
near the K and K' points. In the presene of the magneti eld, we an reformulate the model
Hamiltonian
16
as the generalized Dira Hamiltonian as
H± = diag.
(√
Q±Q±,−
√
Q±Q±
)
, (6.10)
together with
Q+ =

 0 A†
A 0

 , Q− =

 0 A
A† 0

 . (6.11)
Here, A = ~ωca
3
, where a given by (2.14).
The eigenvalue of the Hamiltonian H± is derived as in (6.5) with
E+↑N = E−↓N = ~ωc
√
N (N − 1) (N − 2), (6.12a)
E+↓N = E−↑N = ~ωc
√
(N + 3) (N + 2) (N + 1) (6.12b)
for N = 0, 1, 2, 3, as illustrated in Fig.8. There exists the 4-fold degeneray in the nonzero-energy
level but the 12-fold degeneray in the zero-energy state, as results in the bold-fae series (1.3).
This agrees with the previous result
16
.
We briey argue how the energy spetrum is modied by Coulomb interations. The eetive
Coulomb potential depends on the spin and the valley degree of freedom preisely by the same
mehanism. The Nth energy level (N 6= 0) has the same struture as in the monolayer graphene
19
system. Hene, eah energy level splits into two subbands. The ground state is desribe by a
formula similar to (5.7), where the valley polarization is ourred. There are eletron-hole pairs
in the zero-energy state, whih make exitoni ondensation by the same mehanism as in the
monolayer and bilayer ases. Thus, the 12-fold degenerate zero-energy level splits into six 2-fold
degenerated subbands, produing plateaux at ν = ±2,±4,±6. Furthermore we have Ising QH
ferromagnets at ν = ±1,±3,±5. Consequently, we predit the full series (1.3).
VII. DISCUSSIONS
The most intriguing property of the graphene system is that the intrinsi Zeeman energy is
preisely one half of the ylotron energy for eletrons and holes. It leads to the symmetry group
SU(4) in the noninterating theory, where the Hall plateau emerges at ν = ±2,±6,±10, · · · . This
series is the rst experimental result
2
of the QHE in graphene. When Coulomb interations are
inluded, the symmetry SU(4) is broken so that the Hall plateau emerges at ν = 0,±1,±4,±8, · · · .
This series has been found experimentally
5
when larger magneti eld is applied. We have shown
that the Ising QH ferromagnets appear at ν = ±1 due to a BCS-type ondensation of eletron-hole
pairs.
We have emphasized that one energy level ontains up-spin and down-spin eletrons oming from
two neighboring Landau levels. Sine Coulomb interations are dierent for eletrons in dierent
Landau levels, we have derived a remarkable onsequene that the eetive Coulomb potential
depends on the spin and the valley degree of freedom [Figs.3 and 4℄. As a result, the valley
polarization is ourred on the ground state. We wish to explore new physis assoiated with this
peuliar Coulomb interation in forthoming papers.
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APPENDIX A: DIRAC ELECTRONS IN GRAPHENE
In this appendix, we derive the seond-quantized Dira Hamiltonian (2.3) together with (2.4)
for eletrons in graphene. We start with a study on the quantum-mehanial states of eletrons
based on the k · p approximation17,19.
First of all, the wave funtions f τS(x) are given in terms of envelope funtions F
τ
S (x) as
21
fKS (x) = e
iK·xFKS (x), f
K'
S (x) = e
−iK·xFK'S (x), (1.13)
where S is the site index (S =A,B) and τ is the valley index (τ =K,K'). The envelope funtions are
normalized as |FKS (x)|2 + |FK'S (x)|2 = 1/2 for S =A,B. They satisfy the Shrödinger equation21
H0F (x) = EF (x), (1.14)
20
where E is the eigenvalue, and the Hamiltonian H0 is the 4× 4 matrix operator,
H0 = vF


0 px − ipy 0 0
px + ipy 0 0 0
0 0 0 px + ipy
0 0 px − ipy 0


, (1.15)
with pk = −i~∂k. Sine this is blok diagonal, it is onvenient to set
HK
R
= v
F
(σ · p) = v
F

 0 px − ipy
px + ipy 0

 , (1.16a)
HK'
R
= v
F
(σ · p′) =

 0 px + ipy
px − ipy 0

 , (1.16b)
with p′ = (px,−py). Note that HK'
R
= σxH
K
R
σx, where σx is the generator of the mirror symmetry.
The eigenfuntions of Hτ
R
(τ =K,K') are given by21
F τ ;Rσ (x) =

 F τA(x)
σF τ
B
(x)

 , (1.17)
with the eigenvalue E(k′) = σ~v
F
|k′|, where σ stands for the heliity, σ = ±. Note that ~k′ is the
momentum of eletrons, |k′| ≪ |K| measured from the K or K' point.
Let us explain the notations we have used in (1.16) and (1.17). We reall that the σ · p is
the heliity operator exept for the positive normalization fator. Thus, F
K;R
+ (x) has the positive
heliity and a positive energy, while F
K;R
− (x) has the negative heliity and a negative energy. Sine
the energy and the heliity have the same sign for the envelope funtion FK;Rσ (x), it desribes the
right-handed Weyl fermion by denition. Hene we have put the index "R". Similarly we have
assigned the right-handed Weyl fermion at the K' point.
There are only four independent two-omponent envelope funtions given by (1.17) with τ =K,K'
and σ = ±. However, there are more quantum-mehanial states for eletrons. They are the
hiral symmetri opies; the left-handed Weyl fermions FK;Lσ (x) at the K point and F
K';L
σ (x) at
the K' point. The orresponding Hamiltonians and envelope funtions are onstruted by the
hiral transformation generated by the Pauli matrix σz as H
K
L
= σzH
K
R
σz = −vF(σ · p), HK'
L
=
σzH
K'
R
σz = −vF(σ · p′), and
F τ ;Lσ (x) = σzF
τ ;R
σ (x) =

 F τA(x)
−σF τ
B
(x)

 . (1.18)
Note the the energy and the heliity have the opposite sign for the left-handed Weyl fermion.
The energy spetrum is symmetri between the positive and negative energy states. There exists
one eletron per one arbon and the band-lling fator is 1/2 in graphene. Namely, all negative-
energy states are lled up, as is a reminisene of the Dira sea. Hene, we have eletrons and holes
as physial exitations.
In this way there are eight types of quantum-mehanial states for eletrons in graphene, or-
responding to the spin degree of freedom (σ = ±), the eletron-hole degree of freedom and the
21
valley degree of freedom (τ =K,K'). To arry out the seond quantization it is neessary to use
all these quantum-mehanial states together with the four Hamiltonians. We arrange them as
HK
D
= v
F
σ · pγ5, H
K'
D
= −v
F
σ · p′γ5 where we have introdued the Dira γ5 matrix in the Weyl
representation,
γ5 =

 1 0
0 −1

 . (1.19)
They are summarized into the Dira Hamiltonian (2.4) in text, or
Hτ
D
= v
F
(τσxpx + σypy) γ5, (1.20)
where τ = + (−) for the K (K') point.
Aording to the standard presription the seond-quantized Hamiltonian is onstruted as in
(2.3), or H =
∑
τ=±
∫
d2xΨ†τ (x)Hτ
D
Ψτ (x), where H
τ
D
is the quantum mehanial Hamiltonian. The
eld operator is expanded as Ψτ (x) = Ψeτ (x) + Ψhτ (x), with
Ψ
eτ (x) =
∑
σ=±
∫
d2k′
2π
cστ (k
′)uτσ(k
′)eik
′x, (1.21a)
Ψ
hτ (x) =
∑
σ=±
∫
d2k′
2π
dσ†τ (k
′)vτσ(k
′)e−ik
′x. (1.21b)
We have introdued the annihilation operator cστ (k
′) of an eletron with the eigenfuntion uτσ(k
′),
and the reation operator dσ†τ (k
′) of a hole with the eigenfuntion vτσ(k
′), where we have set uτ+(k
′) =
F
τ ;R
+ (k
′), uτ−(k
′) = F τ ;L− (k
′), vτ+(k
′) = F τ ;L+ (−k′) and vτ−(k′) = F τ ;R− (−k′) in aord with the
standard notation in the Dira theory. In passing, the eld operator ψτ (x) for eletrons in graphene
is to be onstruted with the use of the wavefunion (1.13), and hene is given by (2.7) in text.
II. LANDAU-LEVEL PROJECTION
In this appendix we derive the formula (3.27) for the projeted density operator ρN (q). We
rst review how the Landau-level projetion is made in the onventional QHE, where the density
operator is given by ρ(x) = ψ†(x)ψ(x). We onsider eletrons onned to the Nth Landau level,
where Fok states are given by (2.22). The eld operator is expanded as
ψ(x) =
∑
n
〈x|N,n〉c(n), (2.22)
with c(n) the annihilation operator of eletrons ating on the state |N,n〉, {c(n), c†(m)} = δnm.
The projeted density operator is
ρN (x) = ψ
†(x)ψ(x) =
∑
mn
〈N,m|x〉〈x|N,n〉c†(m)c(n). (2.23)
Its Fourier transformation is
ρN (q) =
1
2π
∑
mn
∫
d2x e−iqx〈N,m|x〉〈x|N,n〉c†(m)c(n). (2.24)
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Here, we deompose the oordinate into the guiding enter and the relative oordinate, x =X+R,
where X and R at on the Fok states |n〉 and |N〉, respetively. Sine they ommute eah other,
we obtain
ρN (q) =
1
2π
∑
mn
〈N |e−iqR|N〉〈m|e−iqX |n〉c†(m)c(n), (2.25)
or ρN (q) = FN (q)ρˆ(q), with
FN (q) = 〈N |e−iqR|N〉, (2.26a)
ρˆ(q) =
1
2π
∑
mn
〈m|e−iqX|n〉c†(m)c(n). (2.26b)
We all FN (q) the Landau-level form fator, and ρˆ(q) the bare density operator.
In the graphene QHE one energy level ontain four dierent types of eletrons desribed by
(2.23). For instane, the projeted density operator for up-spin eletrons is given by
ρ↑N (x) =〈N,m|x〉〈x|N,n〉c↑†+ (m)c↑+(n) + 〈N − 1,m|x〉〈x|N − 1, n〉c↑†− (m)c↑−(n)
+ e−2iKx〈N,m|x〉〈x|N − 1, n〉c↑†+ (m)c↑−(n) + e2iKx〈N − 1,m|x〉〈x|N,n〉c↑†− (m)c↑+(n),
where the summation over the indies n and m is understood. By repeating the above proess, this
reads
ρ↑N (q) =F
++
N,N (q) Dˆ
↑↑
++ (q) + F
−−
N−1,N−1 (q) Dˆ
↑↑
−− (q)
+ F+−N,N−1 (q) Dˆ
↑↑
+− (q) + F
−+
N−1,N (q) Dˆ
↑↑
−+ (q) , (2.27)
where
F ττ
′
N,M (q) = 〈N |e−i[q+τK−τ
′K]R|M〉, (2.28)
and
Dˆσσ
′
ττ ′ (q) =
1
2π
∑
mn
〈m|e−i[q+τK−τ ′K]X|n〉cσ†τ (n)cσ
′
τ ′ (m). (2.29)
A similarly formula is derived also for ρ↓N (q). Adding ρ
↑
N (q) and ρ
↓
N (q) we obtain (3.27) in text.
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